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 Hidden Symmetries in the Snub Dodecahedron
 C HARLES L EYTEM
 Among the 13 Archimedean polyhedra there are 6 polyhedra with icosahedral symmetry . Of
 these 6 polyhedra the snub dodecahedron is exceptional , as it has no reflection symmetries . We
 are going to show that the intersection points of certain couples of edges of the snub
 dodecahedron define a polyhedron with reflection symmetries .
 1 .  I NTRODUCTION
 In a 1979 paper by Coxeter and Huybers [4] , simple formulas were given to construct
 the snub cube and the snub dodecahedron from the octahedron and the icosahedron
 respectively , the vertices of the octahedron and icosahedron being the intersection
 points of certain pairs of edges of the two snub polyhedra . In a later series of papers ,
 Hohenberg [6 ,  7 ,  8] studied the  intersection points of certain pairs of prolonged edges of
 the snub dodecahedron .  He noted that some of these points are the vertices of a regular
 icosahedron and the 480 remaining intersection points are the vertices of  8  non -
 symmetric con y  ex polyhedra .
 Each one of these 8 polyhedra could also be obtained by letting the dodecahedral
 rotation group act on one of these intersection points and then taking the convex
 envelope of the resulting vertices . This approach is related to the Wythof f construction
 and produces vertex-transitive polyhedra . If the facets of such polyhedra are regular
 the polyhedra are called uniform , and they have been studied and classified by Kepler
 and Coxeter [2 , 9] : they are the Archimedean polyhedra , the prisms and antiprisms .
 Vertex-trantive polyhedra have been studied in all generality by Gru ¨  nbaum , Shephard
 and Wills [5 , 10] . A good survey article on these topics and related quesitons is the
 article by Brehm and Wills [1] .
 Hohenberg [6] assumed that none of the obtained polyhedra has additional
 symmetry . We are going to show that 120 of the 480 above-mentioned intersection
 points belong to a symmetry plane of the dodecahedron defining the snub dodecahed-
 ron . Among the 8 vertex-transitive polyhedra there are thus  2  nearly uniform
 polyhedra .
 Thus , starting from a chiral polyhedron , the snub dodecahedron without reflection
 symmetry but with regular faces , we obtained two polyhedra with full dodecahedral
 symmetry group but with slightly irregular faces :  global symmetry has increased with a
 loss of local symmetry .
 In the first part we are going to show how to construct vertex-transitive polyhedra
 with dodecahedral symmetry . We give a short presentation of some Archimedean
 polyhedra , set the framwork for the polyhedra obtained by the main construction and
 introduce snub polyhedra . In the second part we introduce regular snub polyhedra and
 prove the symmetry result .
 2 .  V ERTEX-TRANSITIVE  P OLYHEDRA WITH  D ODECAHEDRAL  S YMMETRY
 The regular  icosahedron  and the regular  dodecahedron  are the two  Platonic  solids
 with symmetry group  6 5 of order 120 . The subgroup of direct symmetries is the group
 !  5 of order 60 .
 451
 0195-6698 / 95 / 050451  1  10  $18 . 00 / 0  Ö  1995 Academic Press Limited
 C . Leytem 452
 We are going to explain briefly how , starting from the dodecahedron , we can
 construct the 6 Archimedean solids , as well as some more irregular polyhedra , with
 dodecahedral symmetry . More details are given in Coxeter [2 , 3] .
 2 . 1 .  Polyhedra with Dodecahedral Reflection Symmetry
 The group  6 5 is generated by reflection in the symmetry planes (mirrors) of the
 dodecahedron . These planes intersect the sphere circumscribing the dodecahedron in a
 pattern of great circles decomposing it into 120 triangles , each having angles  pi  / 2 ,  pi  / 3
 and  pi  / 5 .  Fix one of these triangles and call it the  fundamental region .
 The images of a point in the fundamental region under the group  6 5  5  [3 , 5] are the
 vertices of a polyhedron with dodecahedral symmetry , the polyhedron being the
 convex envelope of the vertices .
 When the chosen point is a vertex of the fundamental region we obtain the
 dodecahedron , icosidodecahedron and icosahedron .  When the chosen point is the
 intersecton point of the bisector of the angle formed by two edges with the opposite
 edge we obtain three Archimedean polyhedra , having as facets regular triangles ,
 tetragons , pentagons and hexagons : the  truncated dodecahedron , small rhom-
 biicosidodecahedron and truncated icosahedron .
 When the chosen point , equidistant from all three mirrors , is the incentre of the
 fundamental region , we obtain the Archimedean polyhedron which has as facets
 regular tetragons , hexagons and decagons : the  great rhombiicosidodecahedron .
 The  truncated dodecahedron  has as facets 12 regular hexagons and 20 regular
 triangles , the  small rhombiicosidodecahedron  has as facets 12 regular pentagons , 20
 regular triangles and 30 squares ; the  truncated icosahedron  has as facets 20 regular
 hexagons and 12 regular pentagons , and the  great rhombiicosidodecahedron  has as
 facets 12 regular decagons , 30 squares and 20 regular hexagons .
 If the chosen point is strictly interior to an edge of the fundamental region without
 any supplementary condition , we obtain a  truncated dodecahedron with irregular
 tetragonal faces ,  a  small rhombiicosidodecahedron with irregular hexagonal faces
 (Figure 1 ; in the case of a uniform small rhombiicosidodecahedron the chosen point
 would divide the mirror of the shaded fundamental region in the proportion  4 3  :  1)
 and a  truncated icosahedron with irregular faces  (Figure 2 ; in the case of a uniform
 truncated icosahedron the chosen point would divide the mirror in the proportion 2  :  1) .
 It will be shown that the two polyhedra mentioned in the introduction are of this type .
 All these polyhedra have  6 0  y  ertices .
 If the  chosen point is strictly interior to the fundamental region  without any
 supplementary condition , the resulting polyhedron is a  great rhombiicosidodecahedron
 with irregular faces .  All these polyhedra have  1 2 0  y  ertices .
 2 . 2 .  Polyhedra with Dodecahedral Rotation Symmetry
 In Section 2 . 1 we constructed among others the five Archimedean non-Platonic
 solids with symmetry group  6 5 .
 The  sixth  missing Archimedean solid with dodecahedral symmetry is the ( semi -
 regular ) snub dodecahedron  with no reflection symmetry . Its symmetry group  !  5 is
 generated by  products of reflections .  As in a great rhombiicosidodecahedron all facets
 have an even number of vertices , a snub dodecahedron can be obtained by omitting
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 F IGURE 1
 every second vertex in such a polyhedron and then taking the convex envelope of the
 remaining vertices , one of these polyhedra (e . g . the  right  one) being the image of the
 other (e . g . the  left  one) under a reflection symmetry .
 The following construction is more common . Consider a point inside the fundamen-
 tal region and consider its images under the group  !  5 . The polyhedron thus
 F IGURE 2
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 F IGURE 3
 constructed has as facets 12 regular pentagons , 20 regular triangles and 60 extra
 triangles . Each of the 12 regular pentagons is surrounded by a ring of 15 triangles , and
 lies in the face of a regular dodecahedron (Figure 3) .
 The 20 regular triangles have each of their three edges in common with 3 other
 triangles , and lie in the faces of a regular icosahedron dual to the dodecahedron
 (Fig . 4) .
 The constructed polyhedron can be considered as the convex envelope of 20 regular
 triangles having the same centre as the faces of an icosahedron . Each of these regular
 triangles results from a triangular facet of the icosahedron by an oriented rotation
 composed with a homothety , both of fixed amplitude and ratio .
 F IGURE 4
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 3 .  R EFLECTION S YMMETRIES
 3 . 1 .  The Snub Dodecahedron and the Icosahedron
 A snub dodecahedron has no symmetry planes , but to obtain a semi-regular snub
 dodecahedron we can set the following definition requiring  partial symmetry .
 D EFINITION 3 . 1 . 1 . (tentative)  The prolonged edges of the equilateral faces of a
 (semi-regular) snub dodecahedron pass through the vertices of the defining
 icosahedron .
 We can even ask for  more symmetry ,  as given by the following definition (cf . Figure 5) .
 D EFINITION 3 . 1 . 2 .  The (semi-regular) snub dodecahedron is the polyhedron such
 that the triangle  ACD  is the symmetric of  ADF  with respect to the plane ( ADP ) .
 Denote by  g  the angle  . APQ ,  by  O  the centre of the circumsphere to the snub
 dodecahedron and by  τ  the golden ratio  1 – 2 ( 4 5  1  1) .  Take as co-ordinates for  P , Q R
 and  S :
 P ( 2 1 ,  0 ,  τ  )  Q (1 ,  0 ,  τ  )  R (0 ,  τ  ,  1)  S (0 ,  2 τ  ,  1) .
 Let  u  be the solution of  τ u 3  1  u 2  1  u  2  1  5  0 .
 The following lemma clarifies the definition .
 L EMMA 3 . 1 . 3 .  F is symmetric to C with respect to the plane  ( ODP )  ï  g  5
 arctan( 4 3  1  u ) / (2  1  u ) .
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 P ROOF .  We first establish an expression for the  barycentric co - ordinates  of  A , D , F
 with respect to  P , Q , R .
 Let  X  be the intersection point of ( AD ) and ( QR ) and let  g 9  5  pi  / 3  2  g .  By the sine
 theorem we obtain :
 QX
 QR
 5
 sin  g
 sin(2 pi  / 3  2  g  )
 ,
 XD
 XP
 5
 sin 2  g
 sin 2 ( pi  / 3)
 .
 A simple calculation gives :
 QD   5  QX   1
 sin 2  g
 sin 2 ( pi  / 3)
 XP 
 5
 sin  g  sin  g 9
 sin 2 ( pi  / 3)
 QR   1
 sin 2  g
 sin 2 ( pi  / 3)
 QP  .
 We deduce by symmetry that :
 sin 2 ( pi  / 3)  PA   5  sin  g  sin  g 9  PQ   1  sin 2  g  PR  ,  (1)
 sin 2 ( pi  / 3)  PF   5  sin 2  g  PQ   1  sin 2  g 9  PR  ,  (2)
 sin 2 ( pi  / 3)  PC   5  sin 2  g  PS   1  sin 2  g  9  PQ  .  (3)
 Now the symmetry condition gives
 PA   ?  CF   5  0
 Substituting (1) , (2) and (3) into this last expression , we obtain :
 τ  sin 3  g  1  sin 2  g  sin  g  9  1  sin  g  sin 2  g 9  2  sin 3  g  9  5  0 .
 Substituting  u  5  sin  g  / sin  g 9 ,  the equation simplifies to
 τ u 3  1  u 2  1  u  2  1  5  0 ,
 with  g  given by
 tan  g  5  4 3 u  / (2  1  u ) .  h
 Define  ¸   as the plane ( AA 9 O ) .  We can summarize the preceding results as follows .
 C OROLLARY 3 . 1 . 4 .  (1)  The prolonged edges of the  2 0  regular triangles of the snub
 dodecahedron pass through the  y  ertices of the defining icosahedron . The face ADF of
 the snub dodecahedron  ( Figure  5  )  lies in the face PQR of the icosahedron in such a way
 that its sides are segments of the lines  ( PD ) ,  ( QF  )  and  ( RA ) , and
 . DPQ  5 . ARP  5 . FQR  5  g .
 (2)  The  60  remaining triangles are equilateral  ( e .g . triangles ABC and ACD in Figure
 5) , and therefore the snub dodecahedron thus defined coincides with the classical snub
 dodecahedron . In fact , the ring of the  15  triangles around the pentagon has  ¸   as a plane
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 of symmetry and :
 [ IJ ]  is  symmetric  to  [ GH ] ,
 [ EF  ]  is symmetric to  [ BC ] ,
 [ GK ]  is symmetric to  [ IL ] ,
 [ EI ]  is symmetric to  [ BG ] ,
 [ HC ]  is symmetric to  [ FJ ] .
 P ROOF .  This results from the Definition as , e . g ., [ IJ ] can be transformed into [ GH ]
 by a succession of reflections in the planes ( PEJ ) ,  ( POF  ) ,  s  ,  ( POC ) and ( PBH ) .  h
 3 . 2 .  The Two Symmetric Polyhedra
 The images of an intersection point of a pair of symmetric edges in Corollary 2 . 3 . 3
 under the rotation group  !  5 define an irregular snub dodecahedron (e . g . Figure 6) .
 Two of these polyhedra have reflection symmetry as follows .
 T HEOREM 3 . 2 . 1 .  (1)  The images of the intersection point of the lines  ( IJ )  and  ( GH )
 under the rotation group  ! 5  are the  y  ertices of a  small rhombiicosidodecahedron with
 irregular tetragononal facets .
 (2)  The images of the intersection point of the lines  ( FE )  and  ( BC )  under the rotation
 group  ! 5  are the  y  ertices of a  truncated icosahedron with irreguar hexagonal facets .
 P ROOF .  Denote the plane ( OIJ ) by  L . It is enough to show that  L  >  ¸   belongs to a
 symmetry plane of the icosahedron .
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 The plane  L  forms an angle  d  5  pi  / 6  2  g  with the plane ( OUR ) .  Also , the plane  s
 forms an angle  d  with the plane ( OPU ) (see Figures 5 and 7) .
 Denote by  R 9 the antipode of  R  in the icosahedron . As  L  forms an angle  d  with the
 plane ( OUR ) ,  it forms the same angle with the plane ( OUR 9 ) .  As  R 9 U  5  UP ,  L  >  ¸
 lies in the symmetry plane ( OSU ) of the icosahedron . Thus we obtain a small
 rhombiicosidodecahedron (see Figures 1 and 9) .
 (2)  Denote the plane ( OBC ) by  Ξ . It is enough to show that  Ξ  >  ¸   belongs to a
 symmetry plane of the icosahedron .
 The plane  Ξ  forms an angle  g  with the plane ( OPQ ) (see Figures 5 and 8) .
 Denote by  Q 9 the antipode of  Q  in the icosahedron . As  Ξ  forms an angle  g  with the
 plane ( OPQ ) ,  it foms the same angle with the plane ( OPQ 9 ) .  Thus it forms an angle
 d  5  pi  / 6  2  g  with the plane ( OUQ 9 ) .  As  Q 9 U  5  UP ,  Ξ  >  ¸   lies in the symmetry plane
 ( OTU )  of the icosahedron . Thus we obtain a truncated icosahedron (see Figures 2 and
 10) .
 h
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